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Abstract 

In this paper, we establish sufficient conditions for a singular integral T to be 
bounded from certain Hardy spaces to Lebesgue spaces L^, < p < 1, and 
for the commutator of T and a BMO function to be weak-type bounded on Hardy 
space Hj^ . We then show that our sufficient conditions are applicable to the following 
cases: (i) T is the Riesz transform or a square function associated with the Laplace- 
Beltrami operator on a doubling Riemannian manifold, (ii) T is the Riesz transform 
associated with the magnetic Schrodinger operator on an Euclidean space, and (iii) 
T = g{L) is a singular integral operator defined from the holomorphic functional 
calculus of an operator L or the spectral multiplier of a non-negative self adjoint 
operator L. 
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1 Introduction and statement of main results 

The Calderon-Zygmund theory of singular integral operators has been a central part 
of Harmonic analysis and has had extensive applications to estimates on regularity of 
solutions to partial differential equations. There are a number of recent works which 
study singular integral operators with non-smooth kernels that are beyond the standard 
Calderon-Zygmund theory. See, for example |DMj . |CD3j and |AM] . This paper is a 
study in that direction, aiming to study boundedness of certain singular integral operators 
and their commutators with BMO functions. Our results are applicable to large classes 
of differential and integral operators which include the Riesz transforms on manifolds, 
the holomorphic functional calculi and spectral multipliers of non-negative self adjoint 
operators such as the Laplace-Beltrami operators on manifolds and magnetic Schrodinger 
operators on Euclidean spaces. 

Let us first explain our framework. Let (X, d, fi) be a metric measure space endowed 
with a distance d and a nonnegative Borel doubling measure /i on X. Recall that a metric 
is doubling provided that there exists a constant C > such that for all x E X and for 
all r > 0, 

\/(a;, 2r) < CV^(x, r) < oo, (1) 

where B{x,r) = {y E X : d{x,y) < r} and V{x,r) = fi{B{x,r)). In particular, X is a 
space of homogeneous type. A more general definition and further studies of these spaces 
can be found in [CWl, Chapter 3]. Note that the doubling property implies the following 
strong homogeneity property, 

V{x,Xr) <cX''V{x,r) (2) 

for some c, n > uniformly for all A > 1 and x E X. The smallest value of the parameter 
n in the right hand side of ([2]) is a measure of the dimension of the space. There also 
exist c and N,0 < N < n, so that 

V{y,r)<c(l + ^^^Yv{x,r) (3) 
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uniformly for all x,y E X and r > 0. Indeed, property with = n is a direct 
consequence of the triangle inequality of the metric d and the strong homogeneity property. 
To simplify notation, we will often just use B for B{xB,rB)- Also given A > 0, we will 
write XB for the A-dilated ball, which is the ball with the same center as B and with 
radius rxB = Ar^. For each ball B G X we set 

So{B) = B and Sj{B) = 2^B\2^-^B for j G N. 

In this paper we will assume that there exists an operator L defined on We 
consider the following assumptions: 

(HI) L is a non-negative self-adjoint operator on L^(X); 

(H2) The operator L generates an analytic semigroup {e^'^^}t>o which satisfies the Davies- 
GafFney condition. That is, there exist constants C, c> such that for any open subsets 

U,,U2CX, 

|(e-*Vi,/2)| < Cexp (- ^^'^^^^^'^^^' )||A|U.(x)||/2|U^(x), Vt > 0, (4) 

for every /j G L'^{X) with supp fi C Ui, i = 1, 2, where dist(f/i, U2) '■= mix£Ui,yeU2 d{x, y). 

(H3) The kernel pt{x,y) of e~*^ satisfies the Gaussian upper bound, i.e. there exist 
constants C, c > such that for almost every x,y G X, 

Remark 1.1. It is easy to check that the Gaussian bound (H3) implies condition (H2). 
We list a number of examples: 

(i) It is well known that the Laplace operator A on the Euclidean space satisfies 
(HI) and (H3) . So do the second order non-negative self-adjoint divergence form op- 
erators with real bounded measurable coefficients on M". Second order divergence form 
operators with complex bounded measurable coefficients on M" would satisfy (H2), satisfy 
(H3) for low dimensions n but might not satisfy (H3) for higher dimensions n. See for 
example IDaf . 

(a) Schrodinger operators or magnetic Schrddinger operators with real potentials sat- 
isfy (HI) and (H3), see ISij. 

(Hi) Laplace- Beltrami operators on all complete Riemannian manifolds satisfy (HI) 
and (H2) but do not satisfy (H3) in general, IDaf . 

(iv) Laplace type operators acting on vector bundles satisfy (HI) and (H2), see 



Our aim in this paper is to obtain boundedness of certain singular integral operators 
with non-smooth kernels and boundedness of their commutators via estimates on related 
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function spaces. Recently, the theory of Hardy spaces associated with operators was stud- 
ied by many authors, see for examples [ADM]. |AMR] . |AR] . [DY2] . [HLMMYj . [HM] , 
[HMMcj . [PL] and |Y]. We denote by Hl{X), < p < 1, the Hardy spaces associated to 
the operator L. For the precise definition, we refer the reader to Section 2. 

Assume that T is a bounded operator on L^(X). There are a number of known 
sufficient conditions on T or its associated kernel k{x, y) so that boundedness of T can 
be extended to other spaces such as Lebesgue space L^, p 7^ 2, Hardy spaces, and BMO 
spaces. See, for example |HLMMY] and |DL] for boundedness of holomorphic functional 
calculi of certain generators of analytic semigroups on Hardy spaces. It is also a natural 
question to consider boundedness of the commutator of a BMO function h and T which 
is given by 



for all functions / with compact supports. See, for example [St] chapter 7 and [DYl] . 

In this paper, we establish a sufficient condition on an bounded operator T so that 
it implies both the following: 

(i) T is bounded from the Hardy spaces H^{X) to Wi^X), < p < 1; and 

(ii) the commutator [6, T] is bounded from H\{X) to L^'°°(X) under the extra as- 
sumption that T is of weak type (1, 1). 

While the boundedness of singular integral operators whose kernels are not smooth 
enough to belong to the standard class of Calderon-Zygmund operators and the bounded- 
ness of the commutators of BMO functions and these operators was studied extensively, 
see for example |DM] . |ACDH] . |DY1] . |AM] and their references, the boundedness of the 
commutators of BMO functions and these operators at the end-point spaces is much less 
well known. Our main results in this paper include a sufficient condition so that weak type 
(1, 1) estimates of T implies certain weak type boundedness of its commutators [6, T] and 
the condition is general enough to be applicable to a wide range of operators in Sections 
4, 5 and 6. The main result is as follows. 

Theorem 1.2. Let L he an operator which satisfies (HI) and (H2). Let < p < 1. 

Denote by a an {p,2,m)-atom in the Hardy space Hf^ associate to the operator L. (See 
Section 2 for the precise definition) . Assume that T is a bounded operator on L'^{X) so 
that Ta satisfies the estimate 



for any {p, 2,m)-atom a supported in the ball B. Then, we have: 
(i) T is bounded from H^{X) to L^(X); and 

(ii) in addition, ifT is of weak type (1, 1) then the commutator [T, b], where b is a BMO 
function, maps continuously from H\ to L^'°°. 



%T]f{x) ■.= T{h{x)-b)f{x) 
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Remark 1.3. (a) The main result of Theorem M.^ is the houndedness of the commutators 
in (a). The result in (i) on houndedness of T on Hardy spaces was proved in many 
situations and can be considered as folklore. 

(b) There is no regularity condition on the kernel ofT, so in general T is not a stan- 
dard C alder on- Zygmund singular integral operator (whose kernel is required to be Holder 
continuous or at least to satisfy Hormander condition) . 

(c) In Sections 4, 5 and 6, we apply Theorem to obtain boundedness of various 
singular integral operators and their commutators which do not belong to the class of 
C alder on- Zygmund operators. 

(d) From (i) by interpolation Theorem IHLMMY\ Theorem 9.3], T is bounded from 
Hl{X) to LP{X) for0<p<2. 

The paper is organized as follows. In Section 2, we recall definition of H^{X), the 
Hardy space associated to the operator L, and some characterizations of Hf^{X). The 
proof of Theorem 11.21 is given in Section 3. In Section 4, we consider the Riesz transform 
T on a doubling manifold and use Theorem 1 1.2 1 to obtain some endpoint estimates of com- 
mutators of Riesz transforms on manifolds. In Section 5, we consider the boundedness 
of Riesz transforms of magnetic Schrodinger operators and their commutators. We will 
show that Riesz transforms of magnetic Schrodinger operators are bounded from to 

for all < p < 1 and the commutators of Riesz transforms and BMO functions are 
bounded from H\ to L^'°°. In Section 6, we show boundedness of holomorphic functional 
calculus and spectral multipliers of an operator which generates a holomorphic semigroup 
with suitable kernel bounds. 

The first author would like to thank Luong Dang Ky for his useful discussion. 

2 Hardy spaces associated to operators 

The theory of Hardy spaces associated to non-negative self-adjoint operators satisfying 
Davies-Gaffney estimates was developed recently by Hofmann et. al. |HLMMY] . Here, 
we use the definitions and characterizations of Hardy spaces Hf^{X) in |HLMMY] and 



Let L be an operator which satisfies (HI) and (H2). Consider the following quadratic 
operators associated to L 



2.1 Hardy spaces H^{X) for p > 1 



SH,Kf{x)=( r [ |(t^L)^e-*'V(z/)l 



^0 Jd{x,y)<t 



2 dfi{y) dty/^ 
V{x,t) t J 



xex 



(7) 
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where K is a positive integer and / G L^(X). We shall write Sh in place of Sh,i- For each 
integer K > 1 and 1 < p < oo, we now define 

Dk,p = {/ G L^{X) : Sh,Kf e LP(X)}, 1 < p < oo. 

Definition 2.1. Lei L be a non-negative self-adjoint operator on L'^{X) satisfying the 
Davies-Gaffney condition 

(i) For each 1 < p < 2, the Hardy space Hf^ g^{X) associated to L is the completion 
of the space Di p in the norm 

WfWnp, „ (X) = \\Shf\\Lp{x)- 

(a) For each 2 < p < oo, the Hardy space H^{X) associated to L is the completion of 
the space D^o^p in the norm 

WfllHlgJX) = \\Sh,Kof\\LPiX), Kq = [-] + 1. 

It can be verified that — -^^(^) dual space of sS'^'^ 

where 1/p + 1/p' = 1 (see Proposition 9.4 of [HLMMYj l If L satisfi!es (HI) and' (HS), 
then it was proved in |AMRj that iJ^(X) and L^(X) coincide for all p G (1, oo). 



2.2 The atomic Hardy spaces H^{X) for p < 1 

Let us describe the notion of a {p,2, M)-atom, < p < 1, associated to operators on 
spaces {X,d,fi). In what follows, assume that 

M G N and M > ~ P\ (8) 

Ap ^ ^ 

where the parameter n, thought of as a measure of the dimension of the space X, is the 
smallest value for ([2]) holds. Let us denote by V{T) the domain of an operator T. 

Definition 2.2. A function a{x) G L'^{X) is called a {p,2, M)-atom associated to an 
operator L if there exist a function b G V{L^^) and a ball B of X such that 

(i) a = L^'^b; 

(li) suppL^b C B, k = 0,l,...,M; 

(ill) \\{rlLfb\\L^^x) <rf'V{B)"^-K k = 0,l,...,M. 

In the case fi{X) < oo the constant function having value [fi{X)]^p is also considered to 
be an atom. 
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Definition 2.3. Given < p < 1 and M > , the atomic Hardy space j^{X) 

is defined as follows. We shall say that f = Yl ^j^j ^■^ atomic {p, 2, M) -representation 
z/{Aj}°^g G l'^ , each aj is a {p,2, M)-atom, and the sum converges in L?'{X). Set 

W^^^^{X) = {f '■ f has an atomic {p, 2, M) -representation}, 
with the norm given by 
WfWul = l-^jD^^^ • / = ''^^^j^j ^■^ atomic {p, 2, M) -representation} 

The space H'^^^j^{X) is then defined as the completion o/H^ with respect to the 

quasi-metric d defined by d{h,g) = \ \h — gW^^p (x) for all h,g E EF^ j^j{X) . 

In this case the mapping h ^^^(x):^ < p < 1 is not a norm and d{h,g)) = 

\\h ~ oWhI ^ j^,j{x) is a quasi-metric. For p = 1, the mapping h — )■ | jj^i ^ ^(x) is a norm. 
A straightforward argument shows that Hf^ ni-^) is complete. In particular, Hj^ ^j- 
is a Banach space. A basic result concerning these spaces is the following proposition. 

Proposition 2.4. // an operator L satisfies conditions (HI) and {H2), then for every 
< p < 1 and for all integers M G N with M > the spaces if^^^^(X) coincide 

and their norms are equivalent. 

For the proof, we refer to Theorem 5.1 of |HLMMY] for p = 1, and Section 3 of |DL] 
for p < 1. 

We next describe the notion of a {p, 2, M, e)-molecule associated to an operator L. 

Definition 2.5. Let < p < 1,0 < e and M G N. We say that a function a E L"^ is 
called a {p, 2, M,e) -molecule associated to L if there exist a function b G D{L^^) and a 
ball B such that 

(i) a = L^'b; 

(a) For every k = 0,1, . . . , M and j = 0,1, . . . , there holds 

||(r|L)^6|U.(5^.(^)) < r|^V^M2^i?)^4. 

Proposition 2.6. Suppose < p < 1 and M > . If a is a {p, 2, M,e) -molecule 

associated to L, then a G H^{X). Moreover, \\<y\\HP{x) ^■^ independent of m. 

For the proof, we refer to |HLMMY] for p = 1, and jPLj for p < 1. 



7 



2.3 A characterization of j^{X) in terms of square functions 

In Section 2.1,we introduced the Hardy spaces Hf^ sS'^^ P ^ 1- Now consider the case 
< j9 < 1. The space if^ s^l^) is defined as the completion of 

{f e L\X) : WSnfWLHx) < ^} 
is the norms given by the norm of the square function; i.e., 

IhI^ (X) = \ \Shf\\LP{X),0 <p<l. 



Then the "square function" and "atomic" H'p spaces are equivalent, if the parameter 
M > ""^"^^^^ ■ In fact, we have the following result. 

Proposition 2.7. Suppose < p < 1 and M > . Then we have Hf^^at,M — ^L,Sh(^^ 

and their norms are equivalent. 

Proof: For the proof, see |DL] . 

Consequently, as in the next definition, one may write in place of when 

n{2-p) 

Definition 2.8. The Hardy space Hf^{X),p > 1, is the space 



M > ■ Precisely, we have the following definition. 



3 Boundedness of singular integral operators and their 
commutators 

To prove that an operator T is bounded on Hardy space which possesses an atomic 
decomposition, it is not enough in general to prove that Ta is uniformly bounded for all 
atomic functions a. However, if the operator T satisfies extra condition such as being 
bounded (or even the weaker condition of weak type (2, 2)), then the uniform boundedness 
of Ta does imply the boundedness of T on H^{X). More precisely, we have the following 
result. 

Proposition 3.1. Suppose thatT is a linear (resp. nonnegative sublinear) operator which 
maps L'^{X) continuously into L'^'°°{X). If there exists, for < p < 1, a constant C such 
that 

\\Ta\\LP < C 

for all {p, 2, m)- atoms a G H^{X), then T extends to a bounded linear (resp. sublinear) 
operator from Hf^{X) to L^{X). 
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Proof: The proof of this proposition is standard. For the completeness, we provide 
the proof here. 

Suppose that / G Hl{X) so that we may write / = J^JLi ^jO-j L"^ sense where aj 
are (1, 2, m)-atoms and Yl^=i l-^il ~ II/IIh^- suffices to show that Tf < X^^i l-^il^'^i- 

If T is a hnear operator, then from the fact that the sum Yl^=i ^^j converges in L'^{X) 
and T is of weak type (2, 2), we conclude that Tf = YlJLi '^j'^^j- 

If T is a nonnegative sublinear operator, since T is of weak type (2, 2) one has 

C \ °° 



A'' ^ oo 



j=N 



L\X) 



Hence 



N ^ oo 

jim^/ijxGX: |r/-T(^A,a,)| >t} <Cjim -||5^A,a,- 

j=l j=N 



0. 



This implies that T(^Ylf=i^j(^j^ ^ Tf a.e. as X — > oo. Since T is a nonnegative 
sublinear operator, we have 



j=i j=i j=i ■ - 

N 

<Tf - r(^^Ajaj) ^0, as X ^ cx). 



Thus, T/ < J2'jLiT{Xjaj). The proof is complete. 

Proof of Theorem M.^ (i) By Proposition 13. ![ it suffices to show that for any (p, 2, m)- 
atom a, for m > , associated to the ball 5, we have ||Ta||LP < C. 
Indeed, we have 

oo 



/ {Taydfi{x) = V / {Taydfi{x) 



j=0 

By Jensen and Holder inequalities and IQ, one has, for each j, 



Kj < V{Sj{B)y-2\\Ta 



\lhs,{b)) 



< CV(2^5)^-22-2J'»P\/(B)f-i 
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This together with m > give 

» oo 

/ {Taydfi{x) < c V2^'^"-'^)-2™*' < C. 

The proof of (i) is complete. 

(ii) Suppose that / G H\{X) so that we may write / = Yl^=i "^j^j -^^ sense where 
Qj are (1, 2, m)-atoms associated to balls Bj and Yl'jLi ~ ll/lliyi- It suffices to show 
that there exists a constant c > such that 



Ma: G M : | [6, T](5^ A,a,)| > A} < -||/||^. 1 16| 



Using the commutator technique as in [Pe] . we can assume that b E L°°. Setting 
bs = bdfi, we have 



[b,T]f{x) = T{{b{x)-b)f){x)\ 



< 



|T((6(x)-6)(5^A,a,))(. 



i>o 



< \T[Y^\,{b{x)-bB, 

j>0 



[X 



+ T 



[^^jib-bB^)aj (x) 



where in the last inequality we use that fact that both series "^j^o ^j{b{x) — bBj)aj and 

Zlj>o -^ji^ ~ bBj)cij converge in . 

At this stage, by the similar argument as in Proposition I3.H we can write 



This gives 

[6,T]/(x) = T{{b{x) - b)f){x)\ < J2 Hx) - bB^]Taj( 



Therefore, 

Xl2{x e M : |[6,T]/| > A} < Xi2{x G Af : ^ - 6BjTaj(x)| > A/2} 

j 

+ A/i{x e M : |T(^ A,[6b, - b]aj){x)\ > A/2} = + ^2. 
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Let us estimate E2 first. Since T is of weak type (1, 1), one has, by Holder inequality 
E2 < C V|A,| / \[bB,-b{x)]ajix)\dfi{:i 



< 

<c5^|A,|||6||^Mo^(i?,)^/V(5,)-V2<c||/|Ui||6||BA/o. 

j>0 



Now we proceed with the term Ei. Obviously, 

E^<CJ2\^,\ I \[h{x)-hB,]Ta,{x)W{ 



j>0 



= cJ2\^,\Yl / mx)-bB,]Ta,{x)mx) 

00 „ 

< Cj2\Xj\ J2 / - hkB,]Ta,ix)\dfiix) 

j>0 k=0 -^^kiBj) 

00 „ 

+ / ItK- ~ b2''B,]Taj{x)\dfi{x). 

By Holder inequality, (E]) and the fact that — 62*= I ^ |6| |b7v/o, we have, 

/ \[b{x) - b2kB^]Taj{x)\dfi{x) < C\\[b{x) - 62^5^^2(2*5,) I I^Aj I |L2{Sfe(B,)) 

< CV{2''B^f'^\\b\\BMo2-^'^''V{B,)-^'^ 

and 

/ \[b2kB^ -bB^]Taj\dfi{x) 

<C]\\b\\BMO I \Taj\d^{x) ng) 

JS^B,) ^ ' 

<Cfc2'=(t-2-)||5||^,,o. 

The estimates ©, (Uni) together with m > f imply < CY.j^^W\\\b\\BMO ~ II&IIbmo- 
The proof of (ii) is complete. 
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Remark 3.2. (a) In our approach, to obtain we split 

Ta = T{I - e-"s^)'"a + T{I -{I- e~"^^)'")a. 

Observe that 



I -{I- e-'B^y = J2 



where Ck = "A,, , . Therefore, 



k=l 

{m-k)\k\ ■ 



m 
k=l 



k 



where a = U^b and = Ck ^- 

Therefore, it is not difficult to see that the condition ^ holds if the following two estimates 
are satisfied: 



and 



\T{I -e-'B^rfY dx] <C2''''^[ / l/n (11) 

Sj(B) ^ ^Jb ^ 

if \T{rl"'L"'e-'''BL^g\^ dxY <C2-^^"'( [ Igfy^^^ (12) 

^JSj{B) ^ ^Jb ^ 

for all integers j > 2, k = 1, ■ ■ ■ ,m and for all f and g with their supports contained in 
the ball B. 

(b) Theorem\rE still holds if the value 2"'^^'"' in and (d) is replaced by 2''^^^ 

r r - n(2—p) 

for some o > . 

(c) The estimates in / fll]) and [W^) do not hold without the terms (/ — e~^s^)™- and 
^2m jjn ^-kr gL j^^j^ hand sidcs, respectively. The effect of these terms is to make the 
kernels ofT{I — e~'"s^)'" and T(r^'"L™e~'^^s'^) decay faster than the kernel ofT when x 
is away from y . 



4 Commutators of BMO functions and Riesz trans- 
forms or square functions on doubling manifolds 

Let X be a complete non-compact connected Riemannian manifold, fi the Riemannian 
measure, V the Riemannian gradient. Denote by | ■ | the length in the tangent space, and 
by II ■ lip the norm in LP{X,fi), 1 < p < oo. For simplicity we will write L^{X) instead 
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of LP{X,fi). Let A be the Laplace-Beltrami operator. Denote by B{x,r) the open ball 
of radius r > and center x & X, and by V{x,r) its measure fi{B{x,r)). Throughout 
this section, assume that X satisfies the doubling property ([1]). It is well-known that the 
Laplace-Beltrami operator A satisfies conditions {HI) and {H2). So let us denote the 
Hardy space associated to A by if^(X). 

Let us consider T = VA~^/^, the Riesz transform on X, and take b G BMO(X) (the 
space of functions of bounded mean oscillations on X). We define the commutator 

[b,T]g = bTg-Tibg), 

where g,b are scalar valued and [b,T]g is valued in the tangent space. In |AM] . it was 
proved that for any b G BMO{X), under the doubling condition and Gaussian upper 
bound for the heat kernel, the commutators [b,T] is bounded on L^{X) with appropriate 
weights, for 1 < p < 2. However, at the end-point value when p = 1, no conclusion can 
be drawn from |AM] . 

Our following theorem gives the endpoint estimate for the commutator [b, T] when 
p = 1. 

Theorem 4.1. Assume that X satisfies the doubling property IjJ^ andb eBMO{X) . Then, 
Riesz transform T = VA~^/^ is bounded from to L^, for all < p < 1. Moreover, if 
the Riesz transform T = VA"-*^/^ is of weak type (1, 1) then the commutator [b,T] maps 
H\[X) continuously into L^'^{X). 

Proof: By a similar argument to the proof of Lemma 2.2 in |HMa] . it can be verified 
that for every m G N, all closed sets E,F m X with d{E, F) > and every / G L^{X) 
supported in E, one has 

/ f \ m 

l|VA-V^(/-e-*^r/|U.(^)<c(^^^-^) ||/||,.(^), Vt>0, (13) 

and 

||VA-i/2(tAe-*^)"/||,.(^) < C[^^^) \\f\\,^E), Vt > 0. (14) 

Obviously, (fT3|) and ( !T4|) imply (fTTj) and ( [T2|) . respectively. Hence our results follow from 
Theorem 11.21 

Note that in (ii) of Theorem 11.21 we need the Riesz transform T = VA~^/^ to be of 
weak type (1, 1) and this condition on the Riesz transform can be obtained from the as- 
sumptions of doubling condition and the Gaussian bound (H3). For reader's convenience, 
we recall the following result in |CD2] . 

Proposition 4.2 ( |CD2j ). Assume that X satisfies the doubling property (Q]) and the 
kernels pt{x,y) of e~^^ have Gaussian upper bounds (H3). Then the Riesz transform 
T = VA~^/^ is bounded on L^(X), 1 < p < 2 and of weak type (1, 1). 
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From Theorems 14.11 and Proposition 14.21 we obtain the following result. 



Corollary 4.3. Assume that X satisfies the doubling property (QP, the kernels pt{x,y) of 
e^*^ have Gaussian upper bounds (H3) and h G BMO{X) . Then the commutator [6, T] 
maps H\{X) continuously into L^'°°(X). 

In [HLMMYj . it was shown that under condition (H3), H\ -^ = H\ and i/^^ = L^^X) 
for all p > 1 and m > 1, see also |AMR] . It implies that if T is a bounded operator on 
U'{X),p > 1 and T maps if^(X) continuously into L^'°°{X) then by interpolation (The- 
orem 9.7 in [HLMMY] ) . T maps if^^(X) into L'^{X) whenever 1 < q < p, and hence T 
extends a bounded operator on L''{X) for all 1 < g < p. 

We say that X satisfies an Poincare inequality on balls if there exists C > such 
that for any ball B G X and any function / G C°°{2B), 



where fs denotes the mean- value of / on ball B and the radius of B. 

Proposition 4.4 ( [AMR] ) . Assume that X satisfies the doubling property (J\) and Poincare 
inequality / [73]) then the Hardy space H\ and the Coifman- Weiss Hardy space H^^^{M) 
coincide. 

This Proposition and Corollary 14.31 show that 

Corollary 4.5. Assume that X satisfies the doubling property (QP and Poincare inequality 
( [73]) and let h G BMO{X) . Then the commutator [b,T] maps if^^(X) continuously into 



We now show that similar results hold when we replace the Riesz transforms of the 
Laplace-Beltrami operator by square functions of the Laplace-Beltrami operator. Consider 
the following versions of the square functions 




(15) 



(X). 






and 
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By similar arguments used in Lemma 2.2 of [HMa] , it can be verified that Q^l-L^g and h 
satisfy (fT^ and (fn|) and hence they satisfy (fTTi) and (fT^ . For reader's convenience, we 
sketch the proof for only T-L. The remainders are treated similarly. 

The first ingredient is Davies-Gaffney estimates valid in a general Riemannian manifold, 
see |ACDHj : There exist two constants C > and c > such that, for every t > 0, every 
closed subsets E and F of M, and every function / supported in one has 



|e-*^/||L2(F) + ||tAe-*^/|U2(^) + \\Vt\Ve j\\\L^iF) 

d\E,F) 



WfWLHE). 



(16) 



< Cexpj - 

Secondly, we recall the following result in |HMa] . 

Lemma 4.6. If two families operators, {St}t>o (^''^d {Tt\t>o satisfy Gaffney estimates 
Then there exist two constants C > and c > such that, for every t > 0, every closed 
subsets E and F of X , and every function f supported in E, one has 

d{E,Ff 



\SsTtf\\L-^(F) < Cexp 



cmax{s, t} . 

We now return to show that "H satisfies (fT3|) and (fT^ . Let us take care condition (fT3l) 



first. Write 

\\n{i~e-'^rf\\L^ 



(F) := 



°° . . \l/2 



|Ve-^^(/-e- 



'fl'ds 







< C 

< c 
.c( 

For the term Ji. We have 



-s{m+l)A 



-tA\m <-|2 



/I' 



s(m+l)A 



'tA\m 



f 



ds\^n 



-s(m+l)A 



-tA\m 



L^{F) S J 
2 



/ 



L2{F) S / 



/1 + /2 



Thus, 



-tA\m. 



-s{m+l)A 



fe=l 



-ifcA 



/ 



+ C sup ( /" a/sVc 

l<k<m ^ Jo 



rfs\l/2 



L2{F) S ) 



-s(m+l)Ag-ifcA y 



rfs\l/2 



L2(F) S / 



< C 



-s{m+l)A 



f 



rfs\l/2 



L2{F) S / 



+ 



C sup ( /" Ve-'^'"''+^^'^y/tke-"''^f 

l<k<m ^ Jo 



2 ds\l/2 

L2{F) t y 
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Using Lemma 14.61 and (ITB]) , one has 



h<c(^j^ exp 



cs 



+ C sup C ( exp < 

l<fc<m ^ 



d{E,Ff 
ct 



t) 



L\E)- 



It is not difficult to see that the expression above is bounded by C yj^-^-j^ 
desired. 

We proceed with the second term l2- We have 

2 rfs\l/2 



-{s+t)A\m 



It was observed in |HMaj that 



Multiplying and dividing (HTI) by 

of |(e-^^ -e-(^+*)^) to get 



2 

L2(F) 
2m 



< Cexpj 



/ 



L2(£;), as 



(17) 



cs 



\g\\L'^{E)- 



h<c 



exp 



and using Lemma for a/sVc and m copies 



cs 



-J t) 



Next, making a change of variables r := ^^i^iQ-^ we can control the RHS of above expres- 



sion by Cj^^^^j ||/||i2(£;), as desired. 

This finishes the proof of ( fT3|) for Ti. The proof for IHM is proceeded essentially the same 
path and hence we complete the proof. 

Let us remind that under Gaussian condition (H3), 0,71, g and h are of weak type (1, 1), 
see [CD3] . Hence the following result follows from Theorem 11.21 

Theorem 4.7. (i) Q, "H, g and h are bounded from H^{X) to U'{X) for any < p < 1. 

(a) If the condition (H3) is satisfied, then the commutators of a BMO function b and 
Q^T-L^g and h are bounded from H\ to L^'°°. 



5 Commutators of BMO functions and Riesz trans- 
forms associated with magnetic Schrodinger oper- 
ators 

The approach in Section 4.1 can be used to obtain the boundedness of Riesz transforms of 
Schrodinger operators and their commutators but is not applicable in the case of magnetic 
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Schrodinger operators. Indeed, a different approach is needed for magnetic Schrodinger 
operators. 

Consider magnetic Schrodinger operators in general setting as in |DOY] . Let the real 
vector potential a = (ai, ■ ■ ■ , a„) satisfy 

afeGL^m, VA; = l,---,n, (18) 

and an electric potential V with 

0<ve LlM^). (19) 

Let Lk = d/dxk — idk- We define the form Q by 



Qif,9) = ^ / LkfLkgdx+ / Vfgdx 



with domain D{Q) = Q x Q here 

Q = {f e L\W),Lkf G L\W') for A; = I,-- - ,n and v^/ G L\W)}. 

It is well known that this symmetric form is closed and this form coincides with the 
minimal closure of the form given by the same expression but defined on C^(M") (the 
space of C°° functions with compact supports). See, for example [Si] . 

Let us denote by A the self-adjoint operator associated with Q. The domain of A is 
given by 

p(A) = {/ G r'(Q),3^ G L=^(M") such that Q(/,(^) = /" g>^dx, WipeV{Q)], 
and A is given by the expression 

n 

Af = Y,LlL,f + Vf. (20) 

fc=i 

Formally, we write A = —(V — ia) ■ (V — ia) + V . For A; = 1, ■ • • , n, the operators L^A^^^"^ 
are called the Riesz transforms associated with A. It is easy to check that 

WLkfWmm < V/ G V{Q) = V{A"^) (21) 

for any k = 1, ■ ■ ■ ,n, and hence the operators LkA'^^"^ are bounded on L^(M"). Note that 
this is also true for V^^'^A"^^'^. Moreover, it was recently proved in Theorem 1.1 of |DOY] 
that for each k = 1, ■ ■ ■ ,n, the Riesz transforms LfcA"^/^ and V^^'^A~^^'^ are bounded on 
L^(R"') for all 1 < p < 2, i.e., there exists a constant Cp > such that 

n 
k=l 
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for 1 < p < 2. 

The L^-boundedness of Riesz transforms for the range p > 2 can be obtained if one im- 
poses certain additional regularity conditions on the potential V, see for example |AB] . 

Let us remind the reader that 

(i) In [DOYj . the boundedness of the Riesz transforms LkA"^^'^ and V^^'^A~^^'^ was 
proved for L^lMJ^) spaces with 1 < p < 2; 

(ii) In |DYlj . boundedness of commutators of a BMO function and the Riesz trans- 
forms Lfcy4~^/^ and V^^'^A"^^'^ was proved for the range 1 < p < 2; 

(iii) Recently, |Alj extended the results in |DUYj and [DYlj to weighted weak type L^'°° 
estimates and weighted estimates with an appropriate range of p (depending on 
the weight). 

It is therefore an open question to consider the endpoint estimates for the commutators 
of the operators LkA~^^'^ and V^^'^A~^^'^ and a BMO function b and the boundedness of 
the Riesz transforms LkA~^^'^ and V^^'^A^^^'^ with the range < p < 1. Our aim in this 
section is to establish the end point estimates for the commutators of the Riesz transforms 
LkA~^^'^ and V^^'^A~^^'^ and a BMO function b when p = 1 and the estimates for Riesz 
transforms L^A'^^'^ and V^^'^A~^^'^ for < p < 1. Our main result of this section is the 
following theorem. 

Theorem 5.1. (i) The Riesz transforms L^A'^^"^ and V^I'^A~^I'^ are hounded from H\ 
to LP for allO<p<l. 



(ii) Let b G BMO(W^) . Then the commutators 
H\ continuously into L^''^{X). 



and 



b.L,A'^l^ 



maps 



5.1 Some kernel estimates on heat semigroups 

Let A = —{y — ia) ■ {y — ia) + V be the magnetic Schrodinger operator in ( 120]) . By the 
well known diamagnetic inequality (see, Theorem 2.3 of [Si] and |CFKSj for instance) we 
have the pointwise inequality 

|e-*^/(x)| <e*^(|/|)(x) Vt>0, f e L\W^). 

This inequality implies in particular that the semigroup e~^^ maps L^(M") into L^{W^) 
and that the kernel pt{x,y) of e~*^ satisfies 

I 1 2 

\pt{x,y)\ < (47rt)-texp (- ^^^) (23) 
for alH > and almost all x,y & M". 
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Note that A satisfies conditions (HI) and {H2). So, for < p < 1, we denote H^(W^) 
by tlie Hardy space associated to tlie operator A. Note tliat Gaussian upper bounds carry 
over from heat kernels to their time derivatives of its kernels. That is, for each A; G N, 
there exist two positive constants Ck and Ck such that the time derivatives of pt satisfy 

d^Ptix, y) I < exp ( - (24) 

for alH > and almost all x,y & M". For the proof of (124|) . see, for example, [GDI] . |Da] 
and [Ouj . Theorem 6.17. 

We let pf(x, y) = t^{d^ / dt^)pt{,x,y). In the sequel, we always use the notation 
LkP^i^x.y) to mean L'^pf (-, ?/)(x). 



5.2 The proof of main result 

To prove the main result of this section, we need the following lemma which gives a 
weighted estimate for LfcPj(x,?/). 

Lemma 5.2. Let A = —(V — m)(V — ia) + V be the magnetic Schrddinger in [2D^) . For 

each k and 7 > 0, there exists C > such that 

[ \V'/'ix)p^ix,y)\'e^^ dx + J2 [ \LkP^ix,y)\'e^'-^ dx < (25) 
Jm." j^^^ Jr" t 2 

for all t and y eW . 

In |DOY] . the authors proved for k = 1 and in the case when = 0, the proof can be 
found in |A1] . We now adapt these estimates to prove fl25|) . 

Let ip he a. C°° function with compact support on M" such that <■?/'< 1. Gonsider 

W) = y2 \Lkpt{x,y)\'e'^-^^P{x)dx. 
Using Lemma 2.5 in [Si], we have 



k=l 




= III — I hi respectively. (26) 



d 
dxi 



Ptix,y) 



d 

dxi 



\x — y\ 

't>^kp^(^x,y) )e'^ * ip{x)dx 
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From the fact that ip has compact support, we have 

p^(-,y)e^^^(-)eP(Q)cP(L,). 
We can then write the first term Hi as 



n „ 

JJi = V / Lkft{x,y)Lk{^t{-,y)e'^'^i)){x)dx. 
k=i 



Since < ^ and < ^z^, we obtain 



Apf-{x,y)p'l{x,y)e"' * i/j{x)dx. 

On the other hand, we have Ap^{x, y) = t''-^^^pt{x, y). We then apply (l24l) to obtain 

1 



Ih < 



* e * e * 



ip{x)dx. 



fn/2+l -j-n/2 

Hence for any 7 < Ci there exists a constant c > independent of ip such that 



(27) 



since < ip < 1. 

Next, we rewrite the term II2 as follows: 



k=i 



d_ 

dxk 



e '^'^p^^{x,y))pt{x,y)e'' * 



dx. 



This gives 



Ih = y^Aj \Lkp\{x,y)\\pt{x,y)\e^''^^ iP{x)dx 



fc=l 



+ 5^ / |^fcP^(x,?/)||pJ^(a;,2/)|e' 



. la:-;/!' 



d 



dxk 



ip{x) 



dx 



Then by (jUj) and Cauchy-Schwarz inequality. 



< 
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provided /3 < 

Using this estimate and fl27p . we have 



1 



W)<^[:^i+M^)), (28) 
where c is a constant independent on ip. 

Now apply (l28l) with ipj{x) = ip{x/j), where ip is a function such that iplx) = 1 for all x 
with |x| < 1. It is not difficult to show that lim J2{'^j) = 0. Then apply Fatou's lemma 

j-s>oo 

to fl28|) with ipj we have 



[ |L,p^(x,i/)|V^da;< 



c 



fn/2+l ■ 

For the estimate of Jj^„ \V^^'^{x)pf{x,y)\'^e'^' dx, we note that 

|yi/2(a;)p^(x,i/)|V^V^(a;)cia; = Q(p^(-,y),p^(-,y)e^^^)-//i. 



From the estimates of both terms, we obtain that 



t"/2+l ■ 

At this stage, repeating the above argument, one has 

c 



\V^/\x)p^{x,y)\^e^^dx < - 



fn/2+l ' 



This finishes our proof. 

The following proposition gives an estimate for the operators L^A"^/^ and V^/^y^-i/^ 
which will be useful for the proof of Theorem 15.11 

Proposition 5.3. For all m > 1 there exists C > such that for all j > 2, all ball B 
and all f G L^{W^) with support in B 

yl/2^-l/2^j _ ^-rlA^mf^2 rf^,^ < ^ 2'^^^^-^^ ( j \ff) (29) 



Sj{B) ' ^JB 



and for all k, 



( [ iL.A-'/^I-e-'-B^rfl^ dx)~' <C 2-2^('"-i)f / \f\^y^\ (30) 

^Jsj{B) ' ^JB ^ 
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Proof: We need only to prove fl30p . the inequality (12^ will be treated by a similar 
argument. 

We will adapt arguments used in [ACDH] (see also |Alj ) to our situation. Fix a ball B 
with radius vb and / G L^(R") supported in B. Observe that 



1 r^_,^dt 







We have 



Jo yt Jo 



and Qr '■ M.^ — )■ M is a function such that 



see [ACDH, p.932]. 

Therefore the composite operator Lfcy4~^/^(/ — e~''s^)"* has an associated kernel }Cs,k{y, z) 
defined by 

POO 

K.s±{y,z) = c gr{t)LkPs{y,z)dt. 



By invoking Lemma [5. 2 [ 



\LkPtix,y)\ t dx) < 



n + 2 
t 4 



for all t > and ?/ G and some 7 > 0. This implies that for all j > 0, y G i? and all 
t > 0, 



C -4^4/4Jr|\? 1 



- yt"" ' \ t J |2i5|i/2 

C -^'rl 1 



^rt |2-'-5|i/2 



(7 -a4JT 



for some a < c (in the last inequality we use the fact that s^e~^'^ < Ce~°"^ for all s > 
and a < c). 
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Using Minkowski's inequality we obtain that the LHS of (150]) is dominated by 

\9r{t)\ [ \f{y)\( [ \L,ps{x,y)\'y'dydt 

. ^ 1 -^^-B dt ( 



The proof is complete. 

Proposition 5.4. For all m > 1 and t > there exists C > such that for all j 
ball B, —r\ <t<r\ and all f with support in B 



\V^/^A-^/\tAe''^rf\^ dxY < C2-2i™( / |/p 



1/2 



and for all k, 



\LkA-'/\tAe-'^rf\^ dx)' <C2-^''^( / |/|' 

Sj{B) ' ^Jb 



1/2 



Proof: Firstly, observe that 

L,A-'^'f = -^ TL^e-^^'f 
W'^ Jo 



So, we obtain 



\LkA-^/\tAe-'^rf\^ dx 



S,(B) 



C 



c 



d^ 

L^e-^^\tAe-'^rf{y)dy^ 




dx 




JB 



ds 

. , , LkpZit+s){x,y)f{y)dy^ 
I -\- s / y s 



dx 
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By Minkowski's inequality and Lemma [5 ■2[ 

\LkA-^/\tAe-''^)"'f\^ dx 



Sj(B) 



< C 

< C 

< c 



t \™ 



t + s 
t 

t + s 
t \"i 



f{y) 



B 

exp "! — c 



S,{B) 



LkiC(t+s)ix^y) 

ds 



dx] ^ dy 



f{y)dy 



ds 



nl2 



<c||/IU^(B) 



Let us estimate / first. We have 



+ 



c||/iu.(^)(/ + //) 



t + S 



exp \ — c 



4^4 1/ 'B 



^ ds 



t + SJ \t + S/ TBy/s 



< C 



< C 



t 



\t + S 

* ' t \m ds 



t + S\'^ {Tq 

T 



ds 



rBVS 



For the second term II. We have 

r-oo , ^ ^ 



t + S 



exp s — c 



4^1 



r| \ ^ ds 



t + sJ \t + s/ rsy/s 

oo 

<c 



t 



t + sJ V4Jr2 



t + s\^-^ frly"^ ds 
T 



< (74-i(™-i)_ 



B 

t \"^rBds 



tbVs 



B 



S\/S 



Proof of Theorem I5.il " Firstly, it can be proved that the Riesz transforms LkA~^^^ and 
^1/2^-1/2 g^j^g weak type (1, 1), see [DOY, p. 273]. So, combining Propositions 15.31 and 
15.41 together with Theorem 11.21 and Remark 13.21 (b). Theorem 15.11 is obtained. 
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6 Holomorphic functional calculi and spectral multi- 
pliers 

6.1 Preliminaries on holomorphic functional calculus 

We now give some preliminary definitions of liolomorpliic functional calculi as introduced 
by A. Mcintosh [M]. 

Let < u < u < TT. We define the closed sector in the complex plane C 

Sai = {z E C : \ arg z\ < u} 

and denote the interior of S^^ by S^. We employ the following subspaces of the space 
H{S^) of all holomorphic functions on S^: 

H^iS^) = {g e H{S'^) : \ \g\\^ < oo}, 

where ||5'||oo = sup{|(7(2;)| : z G S^}, and 

vl/(5°) = {^e : 3s > 0, mz)\ < c\z\^{l + \z\''^y}. 

Let < a; < vr. A closed operator L in L'^{X) is said to be of type u if (t{L) C S^^, and 
for each i> > u there exists a constant such that 

\\{L-XI)-'\\<c,\X\-\X^S,. 

If L is of type u and ^ E ^(5°), we define V^(L) G C{L\ L^) by 

^{L) = ^J^{L - XI)-'ij{X)dX, 

where F is the contour = re^*^ : r > 0} parametrized clockwise around S"^, and u < ^ < 
V. Clearly, this integral is absolutely convergent in and it is straightforward 

to show, using Cauchy's theorem, that the definition is independent of the choice of 
^ G (w, i^). If, in addition, L is one-one and has dense range and if G Hoo{S^), then 
can be defined by 

where ip{z) = z{l + z)^"^. It can be shown that (f){L) is a well-defined linear operator in 
L^. We say that L has a bounded Hoo calculus in if there exists Cy^2 > such that 
G and for G //oo(5°), 

110(^)11 <C.,2||0||oo. 

In [M] it was proved that L has a bounded ifoo-calculus in if and only if for any 
non-zero function ip G \E'(S'°), L satisfies the square function estimate and its reverse 

ciii/ii2<(y^ mL)f\\i-) <c,\\f\\, (33) 
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for some < Ci < C2 < oo, where ^iptix) = ip{tx). Note that different choices oi p > u and 
ip G ^'(5'°) lead to equivalent quadratic norms of /. As noted in [M], positive self-adjoint 
operators satisfy the quadratic estimate (|33|) . So do normal operators with spectra in a 
sector, and maximal accretive operators. For definitions of these classes of operators, we 
refer the reader to |Yoj . For detailed studies of operators which have bounded holomorphic 
functional calculi, see for example [M], |DR] and |AHS] . 



6.2 Application to holomorphic functional calculus 

We first show that holomorphic functional calculi satisfy the estimates in Remark 13.21 

Proposition 6.1. Assume that L satisfies {HI) and {H2). Let < u < it. Then for 
any g G Hoo{S^) m G N, all closed sets E,F in X with d{E, F) > and any f G L'^{X) 
supported in E, one has 



\g{L){I-e-'^rf\\,.^j.) 

( / t \ m— 1 / f \ m+1 -> f34") 



and 



|^?(L)(tLe-*^)-/|U.(P) 



f / t \m-l / f \ m+l-> 

\d(Ejv) 1 1 1/11-^(^)1 1^1 1- ^^>o- 



^ (35) 



.d{E,Ff) '\d{E,Fy 



Before giving the proof of Proposition 16. ![ we state the following lemma. 

Lemma 6.2. Assume that L satisfies conditions (HI) and {H2). Then for any z = re*^ 
with 6 G (— 7r/2, 7r/2), all closed sets E,F in X with d{E,F) > and any f G L'^{X) 
supported in E, one has 



/ <Cexp|-^4^cos0| 

L2(F) - ^ I \z\ J 



The proof is similar to one in Proposition 3.1 of |HLMMY] and hence we omit detail 
here. 

Proof of Proposition [6J[ We prove the estimate (IMl) first. We define 

gs,t{z) = z'{l + zr''g{z){l-e-'T- 

Then gs^t G \&(S'°). Moreover, limgs^t{z) = g{z){l — e"*^)"* uniformly in any compact set 
in 5*°. Therefore, by the Convergence Theorem in [M] , 

lim«,,(L)/ = ^?(L)(l-e-*-r/ (36) 
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in L'^{X) norm for every / G L^(X). 

Choose < 6 < fi < u and /z < ^. On one hand, we have 



here 7 = 7+ + 7_, where 7+(t) = te*'" if < t < cxd and 7-(t) = —te *^ if < t < 00 with 
< < z/. On the other hand, we have 



here T = r+ + r_, where r+(t) = te'^ if < t < 00 and 7„(t) = -te"^^ if < t < cx) 
with (3 = Therefore 



||^?s,(^)/||l^(f)< 



r+ J7+ U + 



/1 + /2. 



^(A)e^"(l - e-'^rdXdz 



t\\m , 



(1 + A)- 



2s 



L2(F) 



Let us estimate Ii first. Observe that, by Lemma [6.21 

f X' 



Ji < c 



g{X)e^'{l-e-'TdXdz 



t\\m , 



< C\\f\\L2(E) exp|-c 



d{E,Fy 



cos/3 / \\g{X)\Ue^\l - e''T\d\X\d\z\. 



Since /x < n/2, we obtain |(1 - e~*^)™| < c(t|A|)'". Hence, 



/i<C||/|U.(i,)||^7(A)|| 

<c\\fh^EMm 

<C||/|U.(^)||^7(A)|| 
For the term In, we have 



00 



exp s — c- 



-ci\M\^\(+\ xh^ 



(t|A|)"d|A|d|z| 



ft poo 

oov / ••• + 

Jt 



C\\fhHE)\\9mooUn + I: 



'12 







\z\ 



\z 



< 



Vt^(i^,F)2 



27 



For the term In, we have 



'12 



exp < — c 



d{E,Ff\ t 



-d\z\ 



< 



t yd{E,F) 



I I _^-, d\z\ 

~ m+1 ' ' 



\ m— 1 



d{E,Fy 



The remainder I2 can be treated by the same way. These estimates together with fl36|) 
give (IMl). 

We proceed to prove fl5^ . Repeating the arguments above, we obtain 







/. 








+ 













e"'"^/ / g{X)e^'{t\e-'^rdXdz 



= Ih + Ih. 

We need only estimate Hi. The estimate for 1/2 is proved similarly. One has, 



Ih < c 



g{X)e^'{tXe-'^rdXdz 



7+ 



d{E,Ff 



< CWfWmE) I exp 

Jo 

< C\\f\\mE)\\9m 

<c\\fh^E)Mm 

For the term IIu, 
Ihi 

< C 



\9 



exp 



. . . + 



d{E,Ff 



^7(A)||oo|e"^(tAe-*"r|d|A|d|^| 
(A)||ooe'l^l('^l"l+'^*^(t|A|)"rf|A|rf|2| 



Ci|;z| + C2t)'"+i 
C||/||L^(i^)||^?(A)||oo(//ii + //: 



exp ^ — c- 

* ' \z\ 



d{E,Ff 



-d\z\ 



A J (Ci|z| +C2t)™+1 
m fm- / t \ ™+l 



\d{E,F)y \z\ 
The remaining term /J12 is dominated by 



-d\z\ = C(^ 



C 



\d{E,Fy 



.1 



d\z\ = C 



d{E,Ff 



^ \ m— 1 



d{E,Fy 



Note that from Proposition 16. g{L) satisfies flTTl) and fll2l) with m being replaced by 
m — 1. Moreover, if the Gaussian upper bound condition (H3) is satisfied then g{L) is of 
weak type (1, 1), see |DM] . Hence we obtain the following result. 
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Theorem 6.3. Assume that L satisfies conditions (HI) and {H2). Let g G ifoo(>S'°). 
Then g{L) is bounded from Hf^ to LP for all < p < 1. Moreover, if the Gaussian upper 
bound condition (H3) is satisfied then the commutator of a BMO function b and g{L) is 
bounded from H\ to L^'°° . 



Remark 6.4. We can obtain the following estimate which is sharper than i \3l 

/ t \ m 

\\g{L){tLe-''^rf\\LHF) < ||/||l^(£;)||^7||oo, Vt > 0. (37) 

See for example [AL]. We would like to remark that the estimate [3l\ ) guarantees the 



boundedness for the functional calculus g{L) from to and hence g{L) is bounded 
from Hf^ to L^, see IAL\ \DLf . In this paper, we obtain the — L^ boundedness of g{L) 
and the main result of this Section is the endpoint estimate of the commutator [b,g{L)] 
where b is a BMO function. 

6.3 Application to spectral multipliers 

Assume that L satisfies conditions (-f^l). Let 

POO 

F{L)f = / F{\)dEL{\)f 







be the spectral muhipher F{L) defined by using the spectral resolution of L. 
Our main result on spectral multipliers is the following. 



Proposition 6.5. Assume that L satisfies conditions {HI) and {H2). Let F be a bounded 

2p 



function defined on (0, oo) such that for some real number a > "''o + \ o-i^d any non-zero 



function rj E C^(|,2) there exists a constant Cr, such that 

SUp||77(-)F(t-)||H/2,.(M) <C, (38) 



t>0 



where ||-F||iy9,Q(R) = ||(/ — d'^ /dx'^)°'^'^F\\Lq. Then the multiplier operator satisfies the 
following estimate 

([ \F{^/L)a\^dxy <C2-^^ViB)^-p (39) 

for some 5 > , for any (p, 2,m)-atom a supported in B and sufficiently large m. 
Before giving the proof we state the following result in |DP] . 

Lemma 6.6. Let 7 > 1/2 and /3 > 0. Then there exists a constant C > such that for 
every function F e iy2,7+/3/2 

every function g G L'^{X) supported in the ball B, we 

have 



I 

JdU 



\F{2^VL)g{x)\'(^^^Ydfj.{x) < C{rB2^)-Ww^.^^^fMl^ 



'd{x,XB)>2rB ^ 

for j G Z. 
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Proof of Proposition \ 6.5[ Obviously, since F{VL) is bounded on L\X), holds 
for j = 0. For j > 1, we will exploit some ideas in |DP] to our situation. 
Fixe>0and7> 1/2 such that 7 + e + = Set /3 = + 2e. Then 7 + /3/2 = a. 

Let a = L'^b be a (p, 2, m)-atom supported in B with m > (3/ A and jo = — log2 tb- 
Fix a function G C^(|, 2) such that 




Then, for < / < M, one has 



F(\/Z)a = ^ (P{2-^VL)F{VL)a + ^ (^{2'^ VL)L'^F{VL)b. 




Recall that by definition of {p,2,m) atoms. 



a\\L^ < V{B)^-p and ||6|U2 < r]pV{B)^-p. 



Set 




F(2^A)0(A) ,j>jo 
22™^F(2^A)A'"0(A) ,j<jo. 



and extend Fj to the even function. Obviously, 




Applying Lemma [6.61 we obtain 






j>jo j<jo 



< CV{Bf^'p. 



This implies 



( f |F(\/Z)ad/i(x))^^^ < C2-2i|\/(5)^"i 



The proof is complete. 



From Proposition 16.51 and Theorem 11.21 we obtain the following result. 
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Theorem 6.7. (i) Assume that L satisfies conditions (HI) and {H2). Let F be a 
bounded function defined on (0, oo) such that for some real number a > + ^ 

and any non-zero function rj G C^(|,2) satisfies the condition [33^) . Then the 
multiplier operator F{L) is bounded from H^{X) to D'{X) for < p < 1. 

(ii) Under the same assumptions as (i), the operators F{L) is bounded from Hf^{X) to 
Hi for allO<p<l. 

(Hi) Assume that L satisfies (HI) and {H3). Let F be a bounded function defined on 
(0, oo) such that for some real number a > ^ + ^ and any non-zero function rj G 
C^(|,2) there exists a constant Cr^ such that 

sup||r7(-)F(t-)lk2,.(K) <C,. (40) 

i>0 

Then the commutator of F{L) and a BMO function b is bounded from H\{X) to 
L^'^{X). 

Proof: (i) is a directly consequence of Proposition 16.51 and Theorem 11.21 

(iii) The Gaussian upper bound condition (H3) together with PUI) imply F{L) is weak 
type of (1, 1), see |DOS] . Therefore, by Proposition 16.51 and Theorem 1 1 . 2 1 again . the com- 
mutator of F{L) and a BMO function b is bounded from H\{X) to L^'°°(X). 

(ii) We can show (ii) by first showing that F{L) maps a (l,2,m) atom to H\{X). It 
then follows that F{L) is bounded on if^(X) for all < p < 1. We sketch the proof here 
for reader's convenience. 

Due to Proposition 12.61 and the fact that the condition (l38l) is invariant under the change 
of variable A i— A^, it suffices to show that there exists e > such that for any (p, 2, 2m)- 
atom a for the function 

a = F{VL)a 

is a multiple of (p, 2, M, e)-molecule. 

Fixe > and7 > 1/2 such that 7 + e + = Set /3 = ^^^ + 2e. Then7 + /3/2 = a. 

Let Jo = - loga rs, a = L'^"'b with m > /3/4 and 6 = F{\fL)U%. Then a = L'^b. 
Fix a function (p G C^(|, 2) such that 

^0(2-^A) = 1 for A > 0. 

iez 
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Then, for < / < m, one has 



F,(A) 



j>jo 
j<jo 

j>jo j<jo 

It is easy to see that 

II&iIIl^ < r|"-2'^V(5)^"i and H^sUl^ < r^B"^''V{B)^'p . 

Set 

fF(2^A)0(A) ,j>jo 
\22-^F(2^A)A2-0(A) ,j<jo. 
and extend to the even function. Obviously, 

ic ,j>jo 
\C22-^- ,j<jo. 

Applying Lemma [6.61 we obtain 

d{x,XB)>2rB ^ rB y / 

j>jo 

+ mCr|^^(rB2^)-^/lF,||H.2,.||62|U2 

i<io 

<Crf'V{B)'^-T^. 

Also, we have 



II 14/2, a < 



<Cr|'=||m|Uoo(K)||6i|| <Cr|™V(fi) 



2 p , 



So, for j € Z with j > 0, one has 

UrlLrbllhis^iBy) <c([ |(4L)'=6p(l + ^^^)'2-^-^d/.(x) < )'^' 

This implies that a = F{\/L)a is a multiple of (p, 2, m, e)-molecule and the multiple 
constant is independent of a. Our proof is complete. 
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Remark 6.8. i) When p = 1, by the same estimate it was shown in [DPj that F{L) maps a 
(1, 2, m) atom into Hl{X), but boundedness of F{L) on the Hardy spaces was not obtained 
in [DPj . In our work, using the fact that the convergence in the atomic decomposition 
in Hardy spaces Hf^ is in the sense of L^(X), we can obtain the boundedness of F{L) on 
H[iX). 

ii) The condition ( HOl) in (iii) of Theorem 16 .71 can be replaced by sup^^g \\ri{-)F(t-)\\w^-"(R) < 
Cri with a > n/2. In this situation, we can use the following estimates in |DOSl Lemma 
4.3] instead of Lemma [6.61 to obtain Proposition 16.51 Since the proof is quite similar to 
that of Proposition 16. 5[ we omit details here. 

Lemma 6.9. Suppose that L satisfies (HI) and (H3), R > and a > 0. Then for any 
e > 0, there exists a constant C = C{s,e) such that 

+ < ,^^^-^||<5«F||^^^ (41) 

for all B Orel functions F such that suppF C [i?/4, E\, where Kp(^^-^{x, y) is the associated 
kernel to F{\/L) . 

iii) The approach in this paper can be applied to consider the boundedness of the 
commutators of generalized fractional integrals on Hardy spaces associated to operators. 
This will appear in the forthcoming paper }A2] . 
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